A study on Heron triangles and difference equations
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Abstract: In this paper, we investigate the relationship between Heron
triangles formed by consecutive ordered triple (un — v, un,un +v) € Q* and
Difference Equation where u, n, v are rational numbers.
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Linear equations with two variables root of real numbers indicates a line.
However find the integer roots of same equation requires a completely different
approach. Similar to obtain the length of the side and the area which are
triangles with rational of the family of triangles requires a different method.
This paper produces an infinite family of triangles with rational sides and
rational areas and, in fact, an infinite family of triangles with integer sides and
integer areas. The results are quite attractive and open a door to a further
study of these triangles, both geometrically and number-theoretically.

In [1], Buchholz and Rathbun (1997) studied an infinite set of Heron triangles
with two rational medians. In [2], Buchholz and Rathbun (1998) presented a
proof that there exist infinitely many rational sided triangles with two rational
medians and rational area. These triangles correspond to rational points on an
elliptic curve of rank one. They also displayed three triangles (one previously
unpublished), which do not belong to any of the known infinite families. In
[3], Sastry applied a technique in his study that uses a triple of integers that
can represent the lengths of the sides of a triangle to generate a family of
Heron triangles. In [7], Chisholm and MacDougall examined the remaining six
configurations, which were left unsolved by Buchholz [R.H. Buchholz, Perfect
pyramids, Bull. Austral. Math. Soc. 45 (1991) 353-368] from the fifteen
configurations for tetrahedra having integer edges and volume, by restricting
attention to those with two or three different edge lengths, for integer volume,
completely solving all but one of them. In [9], Ionascu et al. studied the
function H(a,b), which associates to every pair of positive integers a and b the
number of positive integers ¢ such that the triangle of sides a, b and ¢ is Heron,
i.e., it has integral area. In particular, they proved that H(p,q) < 5 if p and
q are primes, and that H(a,b) = 0 for a random choice of positive integers a
and b.

In this study, it is investigated the n which is rational numbers, so that

obtained consecutive triples that makes a triples of Heron against each value
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given to v in (un(k) —v,un(k),un(k) + v) € Q* which and u, v are rational
numbers, can be obtained from the equation n(k) = £1/3m?(k) + 42 , where

the where m(k) is derived from m(k) = \/Lgv {(2 + \/g)k -(2- \/§)k}7 k=

0,1,2,..., which are the solutions of the linear difference equation m(k + 2) —
4m(k + 1) + m(k) = 0 with the initial conditions m(0) = 0 and m(1) = 2v.

Theorem 1. The Heronian triangles in the form (un — 1,un,un + 1) are ob-

tained from difference equation m(k+2) —4m(k+1)+m(k) = 0 , initial con-

ditions of which are m(0) = 2 and m(1) = 2 . The area of such triangles are

obtained from the formula Ay = {(2+ where k =0,1,2,.. ..
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Theorem 2. The Heronian triangles in the form (un — 2,un,un + 2) are

obtained from difference equation m(k + 2) — 4dm(k + 1) + m(k) = 0 , initial

conditions of which are m(0) = 2 and m(1) = 2 . The area of such triangles

are obtained from the formula A\ = V3 { (2 + \/§) 2 _ (2 — \/§) %} where
k=0,1,2,....

Theorem 3. The Heronian triangles in the form (un — v,un,un + v) are
obtained from difference equation m(k + 2) — 4m(k + 1) +m(k) = 0 , initial
conditions of which are m(0) =0 and m(1) = 2v . The area of such triangles

are obtained from the formula X\, = V3 { (2 + \/5)% — (2 — \/3) Qk} where
k=0,1,2,...

REFERENCES

[1] R.H. Buchholz and R.L. Rathbun. An infinite set of heron triangles with two rational
medians. Am. Math. Mon., 104(2), pp 107- 115, 1997.

[2] R.H. Buchholz and R.L. Rathbun. Heron triangles and elliptic curves. Bull. Aust. Math.
Soc., 58(3), pp 411-421, 1998

[3] K. R. S. Sastry, "Heron Triangles: A New Perspective", Australian Mathematical So-
ciety Gazette, Vol. 26, Number 4, pp 161-168, 1999

[4] A. Gurbanliyev ve H. Senay, “Heron Ucgenleri Uzerine”, Journal of Qafqaz Univercity,
10, pp 227-231, 2004.

[5] S. Stevic, More on a rational recurrence relation, Applied Mathematics E-Notes, 4, pp
80-84, 2004.

[6] K. R. S. Sastry, “Construction of Brahmagupta n-gons”, Forum Geometricorum, Vol-
ume 5, pp 119-126, 2005.

[7] C. Chisholm and J.A. MacDougall. Rational and heron tetrahedra. J. Number Theory,
121(1), pp 153-185, 2006.

[8] W. H. Richardson, “Super Heron Triangles”, http://www.math.wichita.edu, 2007

[9] E.J. Ionascu, F. Luca, and P. Stianicia. Heron triangles with two fixed sides. J. Number
Theory, 126(1), pp 52-67, 2007.

[10] S. Kurz, “On The Generation Of Heronian Triangles”, Serdica J. Computing 2 pp

181-196, 2008



